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Abstract

This survey reviews recent developments in two-dimensional holography with a focus on the proposed
dualities between random matrix models and two-dimensional dilaton gravity theories. The models
considered are Jackiw-Teitelboim and A/ = 1 supersymmetric Cangemi-Jackiw gravities, which are
respectively locally hyperbolic and flat. Fuclidean partition functions admit an expansion in the
Euler characteristic of the spacetime manifolds, which are matched order by order with the 't Hooft
expansion of the matrix integrals. For both theories, an essential step in the computation of the bulk
partition function is a reformulation in terms of topological gauge theories, yielding one-loop exact
results through the Duistermaan-Heckman theorem. Matrix duals provide UV completions of the
gravitational theories, and observables non-perturbative in the genus expansion parameter can be
extracted through the method of orthogonal polynomials and Fredholm determinants. We conclude

with a discussion of open questions, and propose several future research directions.
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1 Introduction

Holography has been at the forefront of recent developments in many areas of theoretical physics
with applications ranging from condensed matter theory |1, 2] to the black hole information problem
[3, 14l 151 16]. Tts general form states that any CFT on R x S9! is equivalent to quantum gravity
on asymptotically AdSgy1 x M spacetime, where M is a compact manifold |7]. The special case of
two bulk dimensions takes a qualitatively different form. On the gravitational side one works with
asymptotically AdS geometries with an IR cutoff, the Euclidean dynamics of which is universally
given by Jackiw-Teitelboim (JT) gravity [8]. The gravitational path integral is organised in a sum
over hyperbolic surfaces of increasing genus, referred to as the genus expansion.

In a landmark result [9], it was shown that the JT path integral is equivalent to a matrix integral

of the form:
Z= /dMe‘NTrV(M). (1)

where M are random N x N Hermitian matrices, interpreted as the Hamiltonian of the boundary
theory dual to JT gravity. V(M) is the matrix potential, which is fine tuned to match with the
JT path integral. In an appropriate large N limit called the double scaling limit, the JT partition
function coincides with its random matrix counterpart to all orders in the genus expansion. The
same procedure has since been applied to find matrix duals to other two-dimensional theories |10}
11} 112, 113].

In we review the Euclidean gravitational path integral computation of 9], focusing on
the trousers decomposition of hyperbolic surfaces and the computation of the measure over boundary
fluctuations using a topological gauge theory formalism.

introduces matrix integrals, showing how to recover the many-boundary JT partition
function as connected correlators of the matrix model. The rest of the section focuses on extracting
non-perturbative information using the method of orthogonal polynomials and Fredholm determi-
nants.

explores a different two-dimensional gravity theory, called the (supersymmetric) Cangemi-
Jackiw model in [14], which is locally flat and has A" = 1 supersymmetry. Its prominent feature is
a particularly simple matrix dual which is analytically exactly solvable.

To conclude, discusses open questions and future directions in the two-dimensional

gravity literature.



2 JT partition function

JT gravity is defined by the Euclidean action [15} |16)

Iz—;i[;/M\/gRJr BM\/EK} —;/M\/g¢(R+2)—/8M\/E¢(K—1), (2)

where Sy is a constant, ¢ is the dilaton, K is the extrinsic curvature and M is the spacetime
manifold. The first two terms are the Einstein-Hilbert and the Gibbons-Hawking-York terms which
are topological in d = 2 and are equal to the Euler characteristic 2wy of M. The next two terms
are non-trivial due to the dilaton.

M can have an arbitrary number of boundaries, along which the induced metric is fixed such
that each boundary has length 3;/e. The dilaton is fixed to ¢ = v/e along M, where a choice of ~

is equivalent to a choice of units, and € — 0 is the holographic renormalization parameter.

2.1 Genus expansion

Following [9], decomposing the action as I = —Syx(M) + Iyr, the n-boundary Euclidean partition

function is written formally as

Z(Br.eeB) = [lax)e e, 3)

where the integral is over all fields X as well as over all manifolds M with n boundarieﬂ Schemat-

ically, enumerating two-dimensional manifolds by their genus, the path integral can be written as

oo

Z(B1y.yBn) = 2(6_50)29'*"_2297”(51, ..., Bn) + non-perturbative in e=5°, 4)
g=0

where Z, ,, are the restrictions of equation to manifolds with genus g. Non-perturbative contri-
butions, such as terms of order ™ are in general present. Such terms don’t have an immediate
geometric interpretation, it is possible that they are contributions from non-geometric phases of the
UV complete theory.

The dilaton appears as a Lagrange multiplier in the action. Integrating ¢ along an imaginary
contour fixes R = —2 and the genus expansion localizes on hyperbolic surfaces. Computing the

perturbative component of the partition function therefore reduces to evaluating

ZunBrs- s = [l exp( [ Vot - 1)). (5)

This is an integral over boundary fluctuations of the geometry and over the bulk moduli space,
counting the volume of distinct Riemann surfaces at given (g,n). The factorisation is made explicit
by introducing a genus-zero surface with an asymptotic boundary of renormalized length 8 and
a geodesic boundary of length b, called the trumpet geometry. Any (g,n) hyperbolic surface can

be constructed by gluing together a genus g hyperbolic surface with n geodesic boundaries and n

Tt should be noted that it is not at all obvious that “a sum over all manifolds” is well defined. Within the context
of holography where spacetime itself is emergent, one would generally expect non-geometric contributions to the path
integral. Furthermore, in higher dimensions there exists no finite enumeration of surfaces according to their genus.



trumpet geometries attached to each geodesic boundary.
Denote by V; (b1, ..., b,) the volume of the moduli space of genus g hyperbolic Riemann surfaces

with geodesic boundaries of lengths {b1,...,b,}. The path integral decomposes into
Zg,n(ﬁla e 7ﬁn) = /dﬂ[b]vg,7L(bla ey bn) H Ztrumpet(ﬂia bi)a (6)
i=1

where dpu[b] accounts for twists and geodesic lengths associated with each gluing. This decomposition
holds for all (g,n) except for the two special cases of (0,1) and (0,2), which correspond to the
hyperbolic disk and the gluing of two trumpets:

Z01(B) = Zaisk(B), (7)

ZO,2 (517 52) = /dﬂ[b]Ztrumpet (Bla b)Ztrumpet (ﬁ% b) (8)

The problem reduces to evaluating the disk and trumpet partition functions and the volumes Vj, .

The disk and trumpet geometries are given by the metrics

dp @ dp + sinh?(p) dd @ df ~ disk, o)
g =
dp @ dp + cosh?(p)dr @ dr  trumpet,

where p € Ry is a radial coordinate, and 8 ~ 6 + 27 and 7 ~ 7 + b. The parameter b labels the
length of the geodesic boundary of the cylinder. Boundary actions depend only on 6 and 7, and the

resulting partition functions read

B m\ 2
ZunslB) = %exp{—g / du[(f;) —(9’)2”, (10)

Zuum (8:9) = [ %exp{—g I du[(:,')QHT’)Q } ()

Physically, these are integrals over the boundary fluctuations of the geometry, parametrised by 6(u)

and 7(u). Quotients over SL(2,R) and U(1) correspond to the isometry groups of the geometries.

Measures p[f] and u[r] are induced from the symplectic form in the gauge theory (BF) formulation.

2.2 BF formulation

JT gravity admits a reformulation in terms of a topological gauge theory. This is a key step in
the evaluation of the path integral, yielding the measures over boundary fluctuations and explicitly
showing one-loop exactness.

First, one writes down the first-order bulk action
I[p, \* % w] = —/ [p(dw + €' A e®) + A (de' +w A e?) + N (de* —w Ael)], (12)
M

where e® are the zweibeins, w is the spin connection and the Lagrange multipliers A* impose the

no-torsion condition. Next, one identifies the group G associated with the isometries of the on-shell



geometry. For JT gravity, G = SL(2,R). Let A be the gauge connection and B a g-valued scalar
field. The action of g € G on the fields is

B— g 'Bg, A= g l(d+Ayg. (13)

The curvature is F' = dA + A A A and it transforms in the adjoint representation. Finally, let
(- : g x g — R be a bilinear form which is determined through the quadratic Casimir and
generators Jy:

(Ja,Jg) =hap = Co=hPJuJp. (14)

With this setup, one proposes that the action can be written as

Ipr (B, A] = *i/

M

(B,F>+%/ (B, A), (15)

oM

where the boundary term is required to make the variational problem well-posed in the presence of
a boundary.
sl(2,R) has three generators X,Y, Z, with Lie algebra

(X, Y]=2Y, [X,Z]=-2Z, [Y,Z]=X, (16)

and the following non-zero basis elements of the bilinear form
(X, X)y=2, (V,Z)=(Z,Y)=1. (17)

To match with the bulk action, one makes the identifications:
iB=-\NX+(\+0)Y + (¢ - ¢)Z, (18)

A= %[—elX + (& —w)Y + (e +w)Z]. (19)

This completes the BF formulation of JT gravity. As a side note, the extension to supersymmetric

JT gravity is very natural, one simply adds appropriate fermionic generators to the Lie algebra.
The path integral is gauge-fixed by the Fadeev-Popov-BRST procedure [17], details of which are

given in The key result is that the integral reduces to an integral over flat connections

with measure induced by the symplectic form

Qn,w) = a/M nAw) = a/M (Na, wp) dz® A da®, (20)

and an overall correction factor by the volume of the centre subgroup. Note that this analysis relies
on an orientable M, and a restriction on the matter content of the bulk theory.

Consider variations d A which leave the connection flat,
0=0F =ddA+ANSA+S5ANA=DGA. (21)

The gauge covariant derivative about a flat connection is nilpotent, hence §A = DO for some zero-

form ©. Such variations have the same structure as gauge transformations, however since we have



already gauge fixed, the only remaining variations are large gauge transformations that don’t die off

at OM. The symplectic form reads

Q(5,A, 55A) = a/

(@01 + [4,01],d0; + [A,05)) = a / (01,40, + [A,0a)),  (22)
M

oM
where the last equality follows from integrating by parts, using the Bianchi identity for the gauge
algebra and setting dA = —A A A.

As it turns out [9], the set of large gauge transformations that preserve the boundary conditions
at OM are parametrised by a single function e(u). Physically, the mode e(u) generates reparametri-
sations u — u + e(u) of the boundary. From a gravitational perspective, it is the mode associated

with boundary fluctuations. The resulting symplectic form is

B

Q= % / dulde’ A de” — 2f (uw)de A de'], (23)
0

where f(u) is related to the boundary action through Iy = v [ duf(u), and de(u) are an infinite

basis on the cotangent space about a point in the space of flat connections. As 9M = S is compact,

this basis has a countably infinite number of elements under Fourier decomposition,

de(u) = > e 2B (del 4 idel), (24)
n=—oo
with reality conditions def = def?, and del, = —del

2.3 Disk and trumpet partition functions

The Duistermaat-Heckman theorem states that a path integral over a symplectic manifold is one-
loop exact if the action generates a U(1) symmetry of the manifold |18|. This holds for JT gravity
[19].

Evaluation of the one-loop disk and cylinder path integrals proceed by evaluating the induced
measures p[f] and u[7]. Recall that the mode £(u) generates boundary wiggles through the reparametri-
sation u — u + ¢(u). For the disk, this corresponds to the following fluctuation about the saddle

point configuration:

O(u) = %T(u +e(u)). (25)

The disk action to quadratic order in € reads

R 2 2 B 2
Ingk[é:] — _2 pr + 2627/0 du[(i) (6//)2 o (5/)2‘|

71'2 T 4
—-Z 7(253) S (0t —n?)[(F)? + (1)), (26)

n>1

The three zero modes (¢_1,€9,¢1) correspond to the SL(2,R) isometry. In the path integral,

we quotient over these modes by excluding the corresponding de; from the symplectic form 2. The



resulting measure, when evaluated on the saddle point configuration f(u) = 272/32, is

1 83
SL( T = A @z = [ o S (0 = m)delfde], (27)

Hence, the disk partition function reduces to an infinite product of Gaussian integrals

ZasadB) = exp(Qj;”) I Tt -w [ aeliae] exo( ot =) (8 + €0))

= exp <2“ 7) H [ o (28)

To regularize, consider the related sum of logs

i {log (Zf) - 10g(n)} = log@f)cw) + 0, ((s)

n=1

-
L) e

where the last step uses Zeta function regularization ((0) = —1/2 and ¢’(0) = log(1/v/27). With

this regularization scheme, the partition function reads

The trumpet case proceeds similarly, the action to quadratic order in fluctuations is

2 )4 2
I(grumpet [5] _ % + (2ﬁ3) ZO <,n4 + (21;)2> [(55)2 + (52)2] . (31)

The zero mode &g is identified with the U(1) isometry of the trumpet. The measure with saddle
point f(u) = —b%/25? is

dulr] _ q 87 ( 5,

52 n) deRdel (32)

b2
(2m)?

n>0

and the path integral after regularization reads

b2
Ztrumpet (67 b) 14/ % exp <_r;ﬁ> . (33)

2.4 Volumes of bulk moduli

This section summarises the results of Mirzakhani [20] on the evaluation of the volumes V, ,,(b). The
central result is a recursion relation relating volumes of different (g, n).

The moduli space is defined through the Teichmiiller space T (S), which is the set of pairs of
hyperbolic surfaces and diffeomorphisms (X, f) such that f: S — X. In the case 95 is non-empty,
the subspace 7 (.59,b) is defined by fixing the lengths ¢; of boundary components i € 9S:

T(S,b) = {(X, f) € T(S) | £:(X) = b; Vi € DS} (34)



Let Sy, to be an oriented connected surface of genus g and n boundary components. The moduli

space N ,,(b) of Riemann surfaces homeomorphic to Sy ,, is the quotient space
Ngn(b) = T(Sg.n,0)/Modg,n, (35)

where Mod, ,, is the mapping class group of S ,. The essential idea is that two elements of the
Teichmiiller space are distinct Riemann surfaces if and only if they are not related to each other
through diffeomorphisms.

Next, one introduces coordinates on 7 (Sg n,b) through the trousers decomposition. The idea is
to divide the surface into genus zero geometries with three boundaries (trousers), by cutting along
closed curves. The number of such closed curves needed is k = 3g — 3+n, see for a proof.
This provides a set of 2k coordinates {¢1, ..., 0, 71, ..., 7Tk}, consisting of the lengths ¢; of the closed
geodesics and the twists 7;. These are called the Fenchel-Nielsen coordinates. The dimension of the
associated Teichmiiller space is therefore 2k.

There is a natural symplectic form w on 7y ,, (b) which is invariant under the mapping class group.

It is called the Weil-Petersson form, and in Fenchel-Nielsen coordinates takes the form
k
w=Y_dl; \dr;. (36)
i=1
Before proceeding with the computation of V, ,, let us recall the expression for Z,, given in
equation @ The induced measure p[b] associated with the gluing of n trumpets is simply

pulb] = dby ... dbydr ... dry, (37)

where the local coordinates take values b; € Ry and 7; € [0,b). Performing the integrals over the

twist parameters, one obtains
o0 n
Zgn(B1,--s Bn) = / by .. bpdby ... dbyVyn(by, .., bn) [ [ Zerumpet (Bi, b2).- (38)
0 i=1

Similarly, the volume V, ,,(b) of the moduli space is computed as

qu:/N dplw] = ,:,/N w", (39)

g,n g,n

however the computation is much more difficult due to the restriction to a fundamental domain. The
main idea of [20] is to use a “generalized McShane identity” to circumvent having to compute the
fundamental domains for each (g,n). To illustrate how this works, let us consider the one-boundary
torus N7 ;. This surface can be constructed by gluing a single pair of trousers to itself. The space

of all such gluings is
N ={(X,7) | X € N11, v € {closed curve on X}}. (40)

This is related to 77,1 through a quotient by the stabilizer of v, where the particular choice of v does



not matter. In Fenchel-Nielsen coordinates, one has
NI ={l 1) [ LeRy, TE[0,0)}. (41)

The generalized McShane identity for this case reads
2 4 et
b Zl ( —b/2 > =1, (42)

where b is the length of the geodesic boundary component of the torus and ¢ is the length of the
closed curve 7. Integrating this over Nj 1, which can be written in terms of an integral over /\/'1*,1

through a projection map, yields

eb/2 4 et 1
‘/11— / CM/ dT10g< b/Q—‘,—ee) :ﬁ(b2+4ﬂ'2), (43)

Note that the sum over v is contained in the integral over /\/f"l. Effectively, this procedure shifts
the problem of finding a fundamental domain over N ; to finding the Jacobian associated with the
trousers decomposition. For higher order (g,n), the generalized McShane identity looks much more
complicated and the computations become intractable. There is a recursion relation that allows for

the computation of all higher order V; ,, from the inputs V1 ; and V3 = 1.



3 Matrix integrals

Random matrix models are defined through their partition functions
Z= / dMe NTrVM), (44)

A particular model is specified by the matrix potential V(M) and the symmetry group G under
which the matrices transform. There are ten common choices of G, three Dyson [21] and seven
Altland-Zirnbauer ensembles [22].

We focus on the 8 = 2 Dyson ensemble, which has the symmetry group U (V) with M Hermitian.
It turns out that this model can reproduce both JT gravity [9] and the supersymmetric Cangemi-
Jackiw gravity [14] under different potentials and dictionaries. The trace of any polynomial function

V(M) is invariant under U(N), and an invariant measure is

N N
dM =[] dM;; | [ dRe(M;;)dIm(M;;), (45)
i=1 i<j
where one simply integrates over all independent components of M. Expectation values of observ-
ables O;(M) are given by
1
(©O1(M)...0,(00) = 5 [ dMeNTVON0,(0).... 0, (M) (46)

An observable of particular importance is Z(8) = Tre M which is related through a Laplace

transform to the resolvent

oY /Ooo dp PP Z(p). (47)

3.1 Genus expansion

Matrix integrals are zero-dimensional Euclidean QFTs. Expectation values can be computed in
perturbation theory with Feynman diagrammes. Noting that the parameter 1/N is analogous to
Planck’s constant, one expects the theory to reorganize itself in a “classical” limit, where N — oco.
This was indeed shown to be the case by 't Hooft [23].

't Hooft’s argument adapted for the matrix potential

V(M) = %MQ +)geMa (48)

is summarized as follows. Consider a vacuum diagramme with P propagators, V vertices and I

closed loops. The number of p-point vertices V}, is related to P through
2P => pV,. (49)
P

Viewing each diagramme as a tessellation of a two-dimensional surfaceEI, each closed loop is identified

2This is possible because we are restricting to vacuum diagrammes.
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by a face of the polyhedron. Hence, the Euler relation applies
V-P+1=2-2G, (50)
where G is the genus of the surface. Each diagramme therefore scales with N as

NI+P H(glefp)Vp — N272G ng7 (51)

p p

where the additional factor of N* accounts for the factor of N in front of the matrix potential
and can be traced back to the rescaling of the matrices M — M/\/]v In canonical scaling, the 't
Hooft limit has to be accompanied with an appropriate scaling of the couplings g, to render finite
observables. In this choice of non-canonical normalisation, no such rescaling of g, are needed.

The matrix integral admits a perturbative large N expansion
=~ Z
Z= Z NT?*? + non-perturbative. (52)
G=0

The above analysis of vacuum diagrammes is easily modified for correlators of n observables by
adding a boundary for each observable in the Euler relation, so that a genus G diagramme with n

boundary scales as

(01...00) g ~ N*727 ] gy (53)

p

Hence, observables also admit large N expansions. A quantity of interest for us is the connected

correlators of resolvents:

oo
R Ei,...,FE
(R(Ey) ... R(Ep)), =Y G”;\(mé;nfé ")—|—non—perturbative. (54)
G=0

Computation of resolvents follow from the so-called loop equations. In a basis where the matrices

M are diagonal, the matrix integral up to a constant reads

Z= /dN)\ [T = Aj)Ze NV, (55)

i<j

Loop equations follow from the invariance of this integral under variations of A,

B 1 _ .
OZ/dN)\aAa mR(El)...R(Ek)H(/\Z——)\j)Qe N VOO (56)
1<J

for a choice of k > 0. It can be shown [24] that the loop equations reduce to

k
Ria(B, B, 1) + 30 o0 BB =D _ gy o1y - Pusn), o7
=1 i i
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where I = {E,,...,Ey}, and Ri(I) = (R(E1) ... R(Ey)),, and

/! ! k
V/(E) = V'(M) > | (58)

Pu(E; 1) = <ﬂ —— HR(Ei)

In the large N limit, the set of loop equations can be solved perturbatively by noting the genus
expansions given by equation and
o0
Py=Y N'29"Pgy, (59)
G=0

where the additional factor of N=! in P is due to it having k + 1 insertions.

3.2 Spectral density

The spectral density p(A) = Tr (A — M) is related to the resolvent through
A
Tre M = / dp(Ne P = R(E) = / LA (60)

where 2 is the support of p, also called the spectral domain. It also admits a genus expansion.

Denoting by po the density at the same order as Ry 1, one gets

Roa(B) = | ) (61)

Note that in general €2 # . Ry 1 is determined through the £ = G' = 0 loop equation
Ro1(E)? =V'(E)Ro1(E) — Py o(E), (62)
which is solved by introducing polynomials Q(F) and o(E) such that V'? — 4P, o = Q0. Then,

Ro1 == (V' = Qo). (63)

N =

Q is determined by the asymptotic condition R(E) ~ 1/E + O(1/E?) at large E. The roots of o

determine the spectral domain 2y through

po(B) = — 5= [Ro. (B + i€) — Ro, (F — ie)] (64)

As /o changes sign when one crosses over a branch cut, one has

po(E) = %Q(E)\/—J(E)7 E € {branch cuts of o}. (65)

Matrix integrals of the type Qo = [a, b] are said to be one-cut, as Ry is defined with a single branch

cut in the complex E plane. In such cases, o(F) = (E — a)(E —b).
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Computing Ry

I will briefly outline the computation of Ry 2, following [24], as the end result has physical significance.

The leading order k£ = 1 loop equation, combined with singular properties of o and M imply

1

Ry 2(E1 + i€, Es) + Ro2(Eq — i€, Ea) = T E B

E, € Q. (66)
This expression is unique in the sense that its only dependence on the matrix potential is through
the support Qq. It is a universal quantity, shared between all matrix models with the same leading
order spectral domain.

One then writes down the general solution with the appropriate behaviour when E; or Fs goes

RoalEn B2) = 5oy (J%J%) ) 1)’ "

where Q2(FE1, E2) = Q2(Es2, E7) is determined through a set of constraints implied by the analytic

through a cut:

structure and the asymptotic behaviour of Ry 2. In the special one-cut case, where Qo = [a, b], the

universal result is

Roo(Ey, Ey) = >

1 <E1E2 +ab—(a+0) (B + Fa)/2 1) (68)

(Ey — E)? Vo(E)\/o(Es)

which is manifestly independent from V(M) except through the end-points of Q.

3.3 Topological recursion

Systematically combining the set of loop equations with the genus expansion, one ends up with the
so-called topological recursion formulation of |24, |25]. Define the Riemann surface ¥ immersed in
(CU) x C by

(%) ={(z,y) € (CUo0) x C|y* = V'(x)y + Poo(x) = 0}, (69)

where the equation for the spectral curve y is the loop equation for Ry ;. Let z denote a coordinate
chart on ¥. The points at which the map = : z — x(z) degenerates are branch points. It is
conventional to take r = —F.

The local Galois involution o, (z) about branch point a exchanges the two sheets meeting at a.
Operationally, assuming dx has a simple zero at a, this corresponds to exchanging the sign of the

square root in the inverse map z(z):

2 (z—z(a)+--- = oa2(z)) =a— x/’Q(a)

(x —z(a)) + - (70)

The key result is that one can recursively define n-forms wg , which at given order (G, n) satisfy

the loop equations. Defining the inputs to the recursion

le A dZQ

wo,1 = ydr, woz2 = m, (71)

s
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and the recursion kernel around branch point a

1 f dqug 21, )
2w01( )—wo,l( a(2))’

Ku(z1,2) =

the remaining wg , are given through

!/

WG,n(ZhI):ZZR:ez%Ka(ZhZ) wa—1,n+1(04(2),I) + Z Wi 1417] (2, J)wn 1410 (0a(2), T) |
a h+h'=g

(73)
where I = {23,...,2,}, JUJ =TI and Y. excludes (h,J) = (0,0) and (h,J) = (g,1). wg.n are

related to the connected resolvents through

wen(z1, .y zn)dzr A Ndzy = R (21, ... xn)dxy A -+ - Aday,. (74)

3.4 Double scaling

Double scaling is a particular large N limit, where either one or both of the spectral edges are sent
to infinity. This procedure defines a one-parameter family of matrix integrals.
More precisely, one takes N — oo and tunes the couplings g, — g, such that the leading order

density of states remains fixed [10]:
total 1
P E) = 1 o(E), (75)

where pff’tal denotes the total spectral density (its integral is N), and A& is some finite constant.
Intuitively, by fine-tuning the potential appropriately, we are increasing the density of eigenvalues
as N — oo such that the integral of po(FE) diverges as Nh. Equivalently, one can think of this
procedure as “zooming in” on a part of the spectral density [26].

The formalism of loop equations and topological recursion applies as before, with the only dif-
ference being the parameter in the genus expansion N — h~!. For example, now we have a small A

expansion for the resolvents

oo

(R(Ey)...R(Ey)), =Y W™ 2Rg,(Ey,..., Ey) + non-perturbative. (76)
G=0

The simplification through double scaling is purely due to the fact that in a double scaled model,
one does not require po(E) to be unit normalised. Essentially, we are decompactifying the spectral
domain .

First, consider the case g = [0,00). This defines a two-sheet Riemann surface, with global
coordinates 22 = z. The local Galois involution about z = 0 is promoted to a global involution

o(z) = —z. For y(z) odd, the recursion kernel is

1

BTl Er)

(77)
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and the recursion relation becomes

1 !
WD =Resd ———— Nwg qmia(=21T e (== | L
wan (21, 1) Zf§{4y(z)(zf—z2) wG—1,n+1(—2 )+h+§h;_gwh,1+J(Z Jwn 1+ (=2, J') }

(78)

This particular limit turns out to be relevant for JT gravity.
Alternatively, one can send both spectral edges to infinity, setting o = R. In this case, it turns
out that the residues at z = too vanish and the recursion becomes trivial wg,, = 0 [27]. The only

non-zero resolvents are Ry and Ry 2. This case is relevant for flat space holography.

3.5 Connection to gravity

Identification of matrix integrals as non-perturbative completions of two-dimensional quantum grav-
ity theories proceeds by matching perturbative observables on both sides. For JT gravity, the map

takes a simple form [9):
Zyr(B1y -y Pn) = <Tre_51M...Tre_B"M>C. (79)

To establish a correspondence, both sides have to match order by order in perturbation theory.
The free parameter 7 introduced in the double scaling limit can be fixed to the genus expansion

So

parameter on the JT side, i = e72°. One then tunes the matrix potential such that the leading

order one-boundary partition functions match. In terms of the spectral density,
6 = [ a(E)erar (50)
0

The leading order one-boundary partition function is given by the disk geometry, for which we have
(setting oo = 2):
ot = # sinh(27r Q’yE). (81)

The corresponding spectral curve on the matrix integral side is

y(z) = —impy T (—2%) = % sin (27rz\/%), (82)

where the first equality follows from equation . Specifying the double scaling limit and the
spectral curve completely determines the matrix integral. All that remains to check is the matching
of the rest of the Rg ;.
Ry 2 in the one-cut case was computed explicitly in equation . In the double-scaled limit, we
set a =0 and b — o’} and substituting for B; = —22 we get
1

Foalen22) = gl v P =

Under the map , this resolvent is related to the two-trumpet JT partition function through
equation (47):
Ro2(E1, Bs) = (—1)2/ dpydpy " PP ZIT(By, Ba). (84)
0

3Tt doesn’t matter the order in which we set b — oo and a — 0.
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Substituting for Z(){ T'(B1, B2) and performing the Laplace transforms does indeed match with the
matrix integral result.
Finally, we check agreement with all higher order R¢ ,. Equivalently, we will check agreement

between the topological recursion of with the recursion formula for the Weil-Petersson volumes

of bulk moduli surfaces of Equation implies
won(z1, oy 2n) = (=2)"21 . 20 Ra (=23, ..., —22). (85)

Combining with equation (47) yields an expression for wg , in terms of Zg ,:

wen(z1,. ., 2n) =27 <H % / dﬂie_’&‘z?> Ze (B, Bn)- (86)
i=1 0

Substituting for Zg,, using equations (33)) and yields

wg)n(zl,...,zn):(HQ"Zi(QZB)/O dﬁi/o bidbie—vb?/%>vg7n(b1,...,bn). (87)
i=1

Performing the integral over 3; gives

Wan (21, s 2n) = (H\m/ bidbiemb“i’)lfgm(bl,...,bn). (88)
i=1 0

It was shown in [2§] that Mirzakhani’s recursion relation for Vi, implies the topological recursion
of equation for y(z) = sin(2mwz)/47% and v = 1/2. It is straightforward to check that this
correspondence remains valid for arbitrary . This completes the correspondence between JT and a

double-scaled one-cut matrix integral to all orders in e~

3.6 Non-perturbative analysis

The non-perturbative analysis of [26) |29, |30} 31, |32] starts by introducing a system of polynomials
P, (A) = A"+ 0O(A"~1) orthogonal with respect to the matrix potential measure du(\) = die VYV

(Po,Pp) = /_ h AN Py (N Prn(A) = PG (89)

These polynomials encode all information about the matrix model, one can express the partition

function and all observables in terms of them. Define the related set of orthonormal functions

1 nvoye - _
o= PN = / DN () = B (90)

At finite N, the joint probability distribution for a subset of eigenvalues p,(A1,...,A,) an be ex-

wn(/\) =

pressed in terms of the ,, through the kernel

N—-1
n=0
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such that

n

PaAs- ey An) = det [K(Ai,xj)] : (92)

7,7=1
As shown in [26], it follows that the cumulative distribution for the nth eigenvalue to lie in range

(a,b) is given by

et (0.0)) = 3 S a2, (93

where the Fredholm determinant] F is defined in terms of the integral operator

b
K |(p: f(N) = / drs K (A, w) () (94)

Fl(a,b); 2)] = det(l — 2K |(a,b)). (95)

It encodes the exact spectrum. The challenge is its non-perturbative computation in the double

scaling limit.

Double-scaling limit

In two-dimensional gravity literature, two different types of double-scaling limits are often used.
One type considers tuning the matrix potential g, — g, such that in the large N limit, the partition
functions at each genus diverges in a perturbative expansion in the couplings. For an interpretation
of this in terms of triangulations of random surfaces, see [33]. The idea is that as higher genus
contributions are enhanced, in a correlated limit of N — oo and g, — g5, one obtains finite con-
tributions from all genuses. It is accompanied with zooming into the eigenvalues at the edge of the
spectral density. This is the double-scaling limit used in JT gravity literature.

The alternative double-scaling limit considers tuning the potential to a critical point correspond-
ing to a phase transition from one-cut to double-cut phases. The prototypical example of this is the

potential

V(M;k) = i<M2 + iM‘*), (96)

in the limit k — 1. It was shown in [27] that in this limit, zooming into the eigenvalues around zero
yields a spectral density that matches with non-supersymmetric CJ gravity.

In either case, one considers a scaling ansatz 1/N = hd?**! where § — 0 and k is an integer
determined by the order of the matrix potential. This is supplemented by a rescaling of the eigen-
values around some value A = \. — E§2, and of the polynomial index n/N — 1 —x6%*. It was shown
in [29] that the orthogonal functions ., (A) — ¥ (z, E) satisfy the differential equation

[—#;; + u(a:)] Y(z, B) = Ey(z, F), (97)

with u(z) determined through a non-linear ODE determined by the order of the matrix potential.

The rest of the analysis proceed numerically, but the idea is to first solve for u(z), then obtain

4This object is a Fredholm determinant, as it is the determinant of the difference between the identity and an
integral operator.
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¥(z, E) from which the continuum limit of the kernel in equation can be computed. Then, one

calculates the Fredholm determinant and extracts the exact microstate spectrum.
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4 Supersymmetric Cangemi-Jackiw gravity

This section summarises the results of [14] on supersymmetric Cangemi-Jackiw (SCJ) gravity.

4.1 BPF formulation

Following the analysis of it is useful to start directly with a BF formulation. As before,
we introduce the spacetime scalar B and one-form connection A valued on the algebra of a gauge
group (. Since we are interested in obtaining a flat space dilaton gravity theory, we choose the
gauge algebra g to contain the Minkowski (Euclidean) isometries. Hence, introduce as generators a

pair of translations P, and a rotation J obeying
[J, P+] = £P%. (98)

To endow the space with A" = 1 supersymmetry, introduce a pair of fermionic generators Q. with

[J,Qx] = i%Qi. (99)

The Poincaré algebra does not admit a non-degenerate bilinear form. As shown in [34], this can be
remedied by an inclusion of a central element I. This centrally extended superalgebra is referred to

as the Maxwell algebra with the additional non-zero (anti)commutators [35]

[Pr, P ]=1, {Qy,Q-}=1 (100)

It turns out to be convenient [14] to break the + symmetry and include another pair of non-zero

commutators:

PLQi]= 3@ {QuQi}=Pp (101)

This completes the Maxwell superalgebra. The non-degenerate bilinear form obtained from the

quadratic casimir has the non-zero elements
<P+7P—> = 1a <J7I> :17 <Q+3Q—> =2. (102)

The BF theory action is
1
felA Bl = [ (B)-5 [ (B, (103)
2 Jom

M
4.2 Bulk spacetime action

The connection to the gravitational theory is made through identifying fields, zweibeins and the spin

connection as coefficients of generators

A= (P + ' Qr) + w] + AI, (104)
t=%

B=)Y (z'P,+\'Q;)+ VJ+ ®I. (105)
t=+
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The theory contains two scalar fields ®, ¥, a gauge field A and two fermionic fields ¢=. The pairs

z+ and A\* are non-dynamical and don’t appear in the bulk bosonic action, which reads

_ 1 / &a/]q] [(I)R U0, A, + 1)] (106)
M

Iscy 5

Ap=0

Clearly, the dilaton ® fixes R = 0, so the on-shell geometry is locally flat. This action is supplemented
by a boundary term derived from the BF action.
The on-shell solution used in |14] is first written in Bondi gauge for Lorentzian signature, then

analytically continued to Euclidean time. This yields complex zweibeins and spin connection
et =i(P(T)r +T(1))dr —dr, e = —idr, w= —iP(7)dr, (107)

where (P, T) = (2m/3,0) for the disk and (P, T) = (0,b?/2/3?) for the cylinder with circumference b.

These complex valued saddles are consistent with the Konstevich-Segal criteria of [36, 37]. It would

be interesting to explore the implications of complex saddles further in this context, specifically

asking whether there are more complex saddles that can appear as off-shell contributions.
Supersymmetry transformations are realized as a subgroup of BF gauge transformations. Parametris-

ing by Grassman functions e*, they are induced by
O=€eQi+eQ., G=1+6. (108)

Invariance under such supersymmetry transformations are implied by the gauge invariance of the

BF formulation.

4.3 Euclidean partition function

Consider the Euclidean partition function for n asymptotic boundaries of lengths ;. The boundary
conditions are such that bosonic fields are periodic, and fermionic fields are antiperiodic around

boundary circles. The partition function is

Z(B1,---,Bn) = /[dX]e’ISCJ[XHSOX(M), (109)

where the addition of the Euler characteristic term is ad-hoc, unlike JT gravity where it arises
naturally from dimensional reduction. The integral over the metric instructs us to sum over all

allowable Euclidean manifolds M, leading to the usual genus expansion

o0

Z(B1,---,8n) Z —S0)29=Dinz (B,,..., B,) + non-perturbative. (110)

g=0

Noting that Iscy O [ ®dw, taking an integration contour for ® along a purely imaginary line gives
a factor of 0(R).

It is known that there are only two choices of elliptic compact Riemann surfaces: the disk and
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the cylinder [38]. Hence, the genus expansion simplifies dramatically:

Z(B) = €°° Zyis(B) + non-perturbative (111)
Z(B1, B2) = Zeytinder (81, B2) 4+ non-perturbative (112)
Z(fi1,- -, Bn) = non-perturbative for n > 2. (113)

The computation of the disk and cylinder partition functions proceed in a similar manner to the
JT case, one obtains induced measures from the BF formulation and imposes appropriate asymptotic
boundary conditions to determine allowed large gauge transformations. As before, the Duistermaat-
Heckman theorem holds and the resulting integrals are one-loop exact.

The resulting partition functions with Zeta function regularization read

2’;25’ chlinder(ﬁla 62) = ; (114)

Zaisk(B) = Y(B1 + B2)’

where the arbitrary constant v is inherited from the BF theory boundary condition. Noting that
both partition functions are functions only of the combination vg3;, wlog one can fix v = 1. This

amounts to a choice of units.

4.4 Matrix model completion

Following the analysis of the relevant double-scaling limit is one which sets 5 = R so
that only Rp,; and Ry 2 remain non-zero. All that remains is identifying the map under which Ry 1
and Ry yield the disk and cylinder partition functions.

In the case of JT gravity, the connection to the matrix integral was made through the map
given by equation . Equivalently, the matrix operator that corresponded to the insertion of an
asymptotic boundary of length § was Tre #M. In that case, the random matrices M acquire an

interpretation as boundary Hamiltonians. We generalize this notion to consider maps of the form

Zsci(Bi, - Bn) = (O(B1) - O(Bn)), » (115)

where the operators O(f3;), corresponding to the insertion of an asymptotic boundary, are to be
determined.
At this point, the universality of Ry 2 becomes crucial. Taking the limit of asa=b— o0

with a branch cut along the real positive line yields

-1

R0,2(E17E2) = m

(116)

if By and Ey are on different sheets of the Riemann surface, and zero otherwise. The map O(f3) can

be determined through matching with the cylinder partition function. It has the form
OB = / dp Tr [exp(—,b’(]\/[2 +p2))}. (117)

The integral over p is a feature of flat space gravity, also appearing in the non-supersymmetric case
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[27, |13]. With this choice of O(8), one then tunes the matrix potential such that

s2V2

(0(B)) ~ e§ Zaisk(B) = € 5

(118)

After performing the integral over p, the left hand side can be expressed in terms of the leading

©0(8)) = \/g [ ave m, (119)

The choice of py that matches with the disk is simply the constant density pg = 1/mh where
h = e /2y/2. This can be obtained from the Gaussian potential V(M) = 1M in the double-
scaled limit A~' = 6 N and A = 6E. This is not a conventional double-scaling limit, as there are no
couplings in the potential to tune to criticality. We elaborate on this point in As shown

in [14], this matrix model yields the following analytic solution for the kernel

order spectral density:

1sin((E - E')/h)

KEE) ==&

(120)

from which non-perturbative observables of the gravitational theory can be obtained, an example of

which is the exact spectral density:

o(B) = lim K(E,F)= ~. (121)

E—E’' ™

This matches exactly with the leading order density, suggesting that (p(E)) does not receive any
non-perturbative corrections. Multi-boundary observables, however, do receive non-perturbative

corrections. The spectral form factor S(3,t), defined in the bulk theory as
S(B,1) = Z(B+i)Z(8 — it) + Z(B +it, f — it), (122)

is a commonly studied quantity in the two-dimensional gravity literature. For SCJ gravity, it takes

the exact analytic form

S(B,t) = %ﬁ + %(1 f e*ﬂﬁ’f)) n % f(g’ 5 [1 f Erf( f(ﬂ,t))}, (123)

where f(8,t) = 2B8h72/(5% + t2).
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5 Future directions

5.1 The factorisation puzzle

The Euclidean gravitational path integral, defined as a sum over all spacetime manifolds, presents an
immediate challenge in the context of holography. Multi-boundary partition functions and observ-
ables do not factorise, in the sense Z15 # Z1 75, due to so-called wormhole contributions connecting
the boundaries. This presents a challenge for holography as it implies that the holographic duals
cannot factorise either [39]. Results identifying matrix duals to two-dimensional theories |9} |10} (11}
27, [14] have provided examples of non-factorising boundary theories, hence raising the question of
whether gravity is fundamentally an ensemble.

A possible resolution is provided through arguing the gravitational path integral shouldn’t sum
over topologies, removing the source of the problem [40]. However, further evidence for the inclusion
of wormhole geometries is provided through the “replica wormhole” computations of [4} |5], recovering
the Page curve for evaporating black holes.

An alternative solution presented in [26] identifies the underlying microstate spectrum of the
matrix dual to JT gravity with a discrete spectrum for JT gravity. In other words, they propose
that the Euclidean path integral captures contributions from an ensemble of deformations of JT
gravity, thereby producing a smooth spectrum to an otherwise underlying discrete one.

It would be interesting to extend the analysis of [26] to extract the discrete spectra associated
with a class of deformations to JT gravity. Matrix duals to a large set of deformations were already
found in [11], so this task is certainly possible. After the discrete spectra of deformations are found,
one can check whether a sum of them indeed produces the smooth spectrum of Euclidean JT gravity,

hence providing a check on the proposed solution of [26] to the factorisation puzzle.

5.2 Two-dimensional swampland

In string theory literature, swampland is a term that refers to the space of consistent quantum field
theories that, from the string theory perspective, can not be consistently coupled to gravity [41].
The complement of the swampland is called the landscape, and it is known that the landscape is
measure zero with respect to the swampland [41]. Conjecturing and proving criteria that identifies
elements of the swampland is a difficult task given the huge number of string compactifications.

One can instead consider a similar classification scheme in the space of two-dimensional theories,
where the criteria of UV completeness is provided by the existence of a matrix dual rather than a
string compactification. Since we know for certain that theories with matrix duals are UV complete,
this criterion is guaranteed to yield a subset of the two-dimensional landscape. However, we can’t
make any statements about the complement, that is to say there is no proof that theories without
matrix duals are UV incomplete.

As a future research direction, one can consider the universality of Rg o as a first step in con-
straining the 2d swampland. This resolvent puts a direct constraint on the genus zero two-boundary
amplitude, given the leading order spectral domain of the theory which is provided by the genus
zero one-boundary amplitude. It would be interesting to see whether this implies restrictions on the
allowed matter sector or dilaton deformations of, say JT gravity. The main limitation of such an

approach would be the ability to perform calculations on the gravitational side. It has been shown
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that each element in a class of JT deformations of the form

1= [ Vaer+ W) (124)

has a matrix dual [11]. Given the amount of theoretical control two-dimensional theories provide,

further progress can be made in this line of investigation.

5.3 Non-perturbative structure of SCJ gravity

The proposed matrix dual to SCJ gravity admits an analytic non-perturbative solution. This allows
a precise investigation of the structure of non-perturbative corrections. As an example, consider the
spectral form factor of equation (123]) in the semiclassical i — 0 limit. The complementary error

function admits an asymptotic expansion for large = of the form

Erfe(z) = 1 — Erf(x xf Z 2” — 12”. (125)

This yields an asymptotic expansion for the spectral form factor for small A:

11 —2 = , (2n — ! 24 2\"

n=1

In this form, it is clear that only the connected two-boundary term receives non-perturbative correc-
tions. This is expected since the single boundary observables are non-perturbatively exact. Recall,
from the genus expansion in equation , a genus g manifold with two boundaries is accompanied
with a factor of A29. From this perspective, it might possible to endow the corrections above with a
genus expansion interpretation. The only caveat is the exp(—2ﬁh_2 /(3% + tz)) term multiplying the
series. Furthermore, the non-perturbative correction is not a function of 3,¢ and A independently,
but only of the combination A?(3? + t?)/23. This is nothing but the ratio of the cylinder and disk
partition functions.

As a future direction, it might be worthwhile to investigate whether there is an underlying
geometrical interpretation to the non-perturbative corrections. The problem essentially reduces to
solving the bulk theory exactly. There is no obvious starting point, but a detailed study of complex
saddle point geometries might be a possible avenue [37]. It should be noted that if one is able to find
a procedure that recovers these non-perturbative corrections directly from the gravitational path
integral, one would then be able to exactly define the bulk theory without needing a matrix model
completion. Moreover, generalisations to other two-dimensional (and perhaps higher dimensional)
theories might be possible.

5.4 Free particle sector of SCJ gravity

The matrix operator O(f), corresponding to the insertion of an asymptotic boundary of length 5 on

the bulk, allows one to define an effective Hamiltonian H, called the Bondi Hamiltonian, through

8) = /_ " dp T [exp(~B(M + 7)) = T, (127)
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The Bondi Hamiltonian receives contributions from the matrix model sector through M?, and a free
particle sector through p. The authors of [27] suggest that the free particle sector can be traced
back to the central extension of the Poincaré algebra, but state that its physical origin is unclear as
it doesn’t appear at the level of the bulk action.

In this section, I would like to note that the volume of the centre of the algebra does appear in the

Fadeev-Popov-BRST procedure outlined in Schematically, the path integral measure
would read 1 1
du|7] lim — (Q[de])V, (128)

= Vol Z(G) N-seo NI

where Z(Q) is the centre of the Maxwell algebra. Perhaps a careful analysis of this centre contribu-

tion can shed light on the appearance of the free particle sector.

5.5 Uniqueness of the SCJ matrix dual

The authors of |14] claim that a constant spectral density is obtained from a double-scaled Gaussian
potential V(M) = %M 2, However, I would like to point out that it is not obvious that this is the
unique solution. One can tune any even potential with po(0) > 0 such that in a limit zooming in on
A ~ 0 the resulting double-scaled spectral density is constant. As an example, consider the quartic
potential

V(M) = g M? + gaM*, (129)

For g5 > 0, the leading order spectral density for this model has the following expression

1 1
o) = T Re [ (130)
7 Jo AR(X) N
where
go 12g4
R(X) = 1+ X —1/. 131
X 1294 95 ] (131)

A detailed derivation of this in terms of recursion coefficients is provided in One can
then consider a double-scaling limit with X = 262, A = E§ and A~! = N§. The resulting spectral

density is
1 1/6? dx
E) = — lim § : 132
po(E) 7h e 0 AR(x6%) — 022 (132)

This is plotted as a function of E and g4 in figure 1, and indeed takes on a constant value depending
on (g2, ga)-

One might argue that in a double-scaling limit as simple as this, it is plausible that a large set of
matrix models fall into the same universality class, thereby can be identified. A proof of this claim
would need to show that, under the appropriate double-scaling limit, all such models reproduce
the same non-perturbative behaviour. In other words, the orthogonal functions 1, (F) for all such
models obey the same differential equation. However, there is some evidence against this claim.
The expression for po(E) is well defined for all g4 > —g3/12, which includes a range of negative g4
values. In such cases, one expects the matrix potential to be non-perturbatively unstable. This was
discussed briefly for the quartic potential in [26], from the point of view of a different double-scaling

limit, but should also hold in this case as the matrix potential is not bounded below for g4 < 0. Such
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Figure 1: (Left) leading order spectral density mpo(E) as a function of F, for g4 € {1,2,3}. (Right)
7po(E) as a function of g4 for fixed E. For both figures, go = 1/2 and § = 1076,

matrix models clearly don’t belong to the same universality class as the non-perturbatively stable
Gaussian model.

I think a resolution of this tension can be provided by a more careful definition and analysis of
the double-scaling limit taken in [14]. As mentioned before, this is not a conventional double-scaling
limit as the couplings are not tuned to critical values, and indeed the matrix model itself is not at

a critical point.



Appendix A

Supplementary material

1 Faddeev-Popov-BRST procedure

Following [17], the formal definition of a path integral for the BF theory proceeds by quotienting by
the volume of the group of maps G: M= G. Let [dA’] denote the gauge fixed measure. First, note
that the subgroup of gauge transformations that leave an arbitrary A invariant are constant maps
from M to the centre Z(G). These elements cannot be fixed by the usual Fadeev-Popov-BRST

procedure and so one quotients them by hand. The path integral reads

L / [dA][dBle~Ter = L

—_ ! e~ Ier, .

Since the centre of SL(2,R) consists of two elements {I,—I} = Zs, this contributes a factor of
1/2 to the path integral. In literature, this centre factor is omitted as it can be absorbed into the
normalization of the measure[l]

Next, one imposes a gauge fixing condition. The covariant derivative D acts on a p-form n as
Dn = dn + [A, 5] where the wedge products in the commutator are implicit. Let A = A© + 8 for

some fixed A and choose the following Lorentz-like gauge condition:
G[A] = DB =, (A.2)

where DEO) is the covariant derivative about A(®). Note that this gauge condition relies implicitly
on a choice of metric on M. These are a set of conditions, one for each group generator, so it is
exhaustive.

BRST procedure follows by defining ghost and anti-ghost fields ¢ and ¢, which are anti-commuting
zero-forms, along with a commuting zero-form w, all transforming in the adjoint. BRST transfor-
mations are )

0A = —Dec, bc= 5[0, d, dc=iw, ow=0. (A.3)

1T am not aware of additional complications in cases where Z(G) is not discrete, one would proceed by defining an
appropriate measure to compute Vol Z(G).

26
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The gauge fixing term in the action is
Ior = / Vg tiw, DB + (D%, D'c) |, (A.4)
M
and so the gauge-fixed partition function reads

Zor / (dA)[dB] de]{de] [du]

-7
X exp (—IBF - i/M Vg (w, DVB?) — /M Vg (D%, Dic>). (A.5)

The key result follows from precisely defining measures on the spaces A of connections and B of
g valued zero-forms on M. The space A has a natural measure induced from the symplectic form.
The tangent space T'40).A at point A is spanned by g valued one-forms, for which a symplectic

structure can be defined as:
Qn,w) = a/ MAw) = a/ (Na, wp) dz® A da®, (A.6)
M M

for some constant «. This is independent from the metric on M. For zero-forms however, M needs

to be endowed with a metric g which induces a metric on B:

(o =a [ Va0, (A7)
M
For compact groups, the metric on M also induces a metric on A:
(nw) = a/ (n A *w), (A.8)
M
where x is the Hodge star operator. However, this metric is not positive-definite for non-compact

groups due to the presence of negative eigenvalues in the Killing form [42]. For example, the Killing
form of the non-compact group SL(2,R), in the basis of generators defined in is

(A.9)

=

|

S
S O N
—_ o O
S = O

which has one negative eigenvalue. This problem can be remedied by defining an operator 7' which

reverses the sign of the negative component, and defining the metric [42]

(n,w) =« /M (n AN *xTw) . (A.10)

This metric is manifestly Kahler-compatible with the symplectic form, as (n,w) = Q(n, *T'w) noting
that (#T)? = —1. Kahler-compatibility ensures that one can use the symplectic form to define the
measure on A without referencing the metric g on M [43], while a choice of g remains necessary for
defining the measure on B.

Although the path integral seems to depend on g through the zero-form measure, the Jacobian
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factor associated with change in g cancels out if there are an equal number of bosonic and fermionic
zero-form fields, which is the case in this theory. Relatedly, this makes supersymmetric extensions
to the bulk theory possible to study following a similar topological gauge theory formulation.

Integrals over [dB] and [dw] give factors of 6(F') and § (DEO)Bi)7 localising the path integral over
flat connections. For dim A = 2n, the volume form is = Q"/nl. In the path integral, one takes
n — oo after appropriate regularization. Finally, one of the results of [17] is that the integrals over
[dc] and [dé] on orientable M is simply 1.

After gauge fixing, the BF theory path integral reduces to an integral over flat connections with

the measure induced by the symplectic form, and an overall correction factor of 1/Vol Z(G).

2 'Trousers decomposition

The following is a simple derivation of the number & of closed loops needed to decompose a genus g
surface with n boundaries into trousers geometries.

Consider a (g, n) surface with g > 0. Any such surface can be written as a connected sum L#772,
where ¥ is a (g — 1,n) surface. To introduce a new boundary, one can cut open the 72 and glue
the two open ends of the torus to two open ends of a trousers geometry. This yields T? — T2#D?,
where the disk is defined with a boundary 0D? = S'. Hence the new surface S#T2#D? is of type
(g,n + 1). Cutting the torus removes one closed geodesic, but gluing with the trousers adds two

closed geodesics. The end result is the addition of a closed geodesic, hence we have
k(g,n+1)=k(g,n) + 1. (A.11)

In the zero genus case, one necessarily has n > 3 boundaries. To add a new boundary, one simlpy

glues one end of a trousers to a boundary, hence again introduces one closed geodesic. This implies
k(g,n) = k(g) + n. (A.12)

Now, consider adding a genus. One again cuts open the T2, but to each open end glues one
end of two different trousers geometries. Then, the pair of trousers are glued together. This yields
T? — T?#T?, hence g — g+ 1. The process had one cut and four gluings, so the number of closed

geodesics has increased by 3. Hence,
k(g+1) =k(g) + 3. (A.13)

In the special g = 0 case, note again that n > 3, so one can glue a pair of trousers to each boundary,
then glue one pair of boundaries of the trousers. This induces D?#D? — T?#D?#D?  again
introducing 3 new closed curves.
Considering the initial condition of a single trousers geometry with ¢ = 0,k = 0 and n = 3, one
gets
k(g,n) =3g9+mn—3. (A.14)
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3 Spectral density through recursion coefficients

The most general recursion relation consistent with the orthogonality condition is a three term
recursion of the form

AP, = Poy1 + RpPp_s. (A.15)

Considering (P,—1,dP,/d\) and integrating by parts yields
n
(V/anpn—l) = Nhn—l, (A.lﬁ)

which, after substituting for V’(\) and using the recursion relation yields a difference equation for
R,,, the order of which is determined by the order of the potential. For the quartic potential, one

obtains a quadratic difference equation:

n

Rn[292 + 494(Rpy1 + Ry + Rp—1)] = N (A.17)

which should be supplemented with the initial conditions Ry = 0 and Ry = [ A%du(X)/ [ du(X),
following from the relation R,, = hy,/hp—1.

In the large N limit, one obtains an infinite number of polynomials labeled by a continuous index

n/N = X € [0,1). The spectral density takes a simple form in terms of R,, — R(X) [44]:

1 ! X
p(A) = — Re/ d—, (A.18)
7 Jo VAR(X) — A2
Equation (A.17) becomes a differential equation
1 OR(X) 4
R(X) <292 +4g4 [BR(X) tyraxz T O(1/N%)| | = X. (A.19)

Solving this order by order in 0(1 /N 2) is equivalent to the perturbative analysis of loop equations.

In the planar limit one obtains

1
RO(X) = @ |:—92 + 4/ g% + 1294X:|, (A.QO)

where the positive square root branch is fixed by the boundary condition R(0) = 0.
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